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Abstract 

We present the general method to introduce the generalized Chern-Simons form and the descent 
equation which contain the scalar field in addition to the gauge fields. It is based on the technique 
in a noncommutative differential geometry (NCG) which extends the 4-dimensional Minkowski space 
M4, to the discrete space such as M4 x Z2 with two point space Zi. However, the resultant equations 
do not depend on NCG but are justified by the algebraic rules in the ordinary differential geometry. 

1 Introduction 

The Chern-Simons theory jjj has been extensively studied so far with great interests both for their the- 
oretical interests as the topological quantum field theories and their practical applications for certain 
planar condensed matter phenomena such as the fractional quantum Hall effects and high temperature 
super conductivity ||, [Q. Especially, three dimensional Chern-Simons theory depending on three dimen- 
sional Chern-Simons form [|5| provides a field theoretic framework for studying knots and links in three 
dimension. Furthermore, three dimensional gravity with a negative cosmological constant is described 
by two Chern-Simons theories . This approach || makes it possible to exactly calculate the black hole 
entropy beyond the semi-classical calculations. 

The occurrences of Yang-Mills anomalies and other topological terms such as axial anomaly, Schwingcr 
terms and Chern characters are the important aspect of quantized gauge theories. Thus, the descent 
equations Q are very important because a series of these equations prescribe the relations between 
Yang-Mills anomalies. 

Connes proposed the noncommutative geometry on the product space of the 4-dimensional Minkowski 
space and two point space Z2. The Higgs boson field is regarded as a kind of gauge field on the 
discrete space Z2 in this formulation. In fact, the Higgs boson has several similarities with the ordinary 
gauge fields such as the same type couplings with fermions and the trilinear and quartic self-couplings. 
The Higgs mechanism naturally works without assuming the Higgs potential leading to the spontaneous 
breakdown of gauge symmetry. 

After the original formulation of NCG by Connes |u|, many versions of NCG [|ll| has appeared and 
succeeded to reconstruct the spontaneously broken gauge theories. Morita and the present author p2[ 
proposed the generalized differential geometry (GDG) on the discrete space M4 x Z2 and reconstructed the 
Weinberg-Salam model. In this formulation on M4 x Zi the extra differential one-form \ is introduced in 
addition to the usual one-form dx^ and so our formalism is the generalization of the ordinary differential 
geometry on the continuous manifold. This formulation was generalized to GDG on the discrete space 
M4 x Zn juj), [0 by introducing the extra one- forms Xk{k = 1, 2 • • • N), which generalization enabled 
us to reconstruct the left-right symmetric gauge theory, SU(5) GUT and SO(10) GUT. 

From the standpoint of NCG, the Higgs boson is a gauge field of the principal bundle on the discrete 
space. Thus, it is expected that there exist the Chern-Simons forms and descent equations including the 
scalar boson field in addition to the ordinary gauge field. In this letter, we address this problem and 
present the general method to introduce these generalized Chern-Simons form and descent equations by 
use of the technique in NCG. It should be noted that we use NCG but the resultant formulas are free 
from NCG and are justified by the direct calculations in the ordinary differential geometry. 
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2 Differential geometry on the product space Mjy X Z 2 

The generalized gauge field is denned on the product space Mm x Z 2 with TV-dimensional Minkowski 
space M/v and the two points space Z 2 as 

A(x) = ( H A fl H ffl* ) , (2.1) 
V H 2 i(x)xi A 2 {x) J 

where A\(x) (= -At (a:)) and A 2 {x) (= -Al{x)\ are gauge fields belonging to the self-adjoint represen- 
tations of unitary gauge groups G\ and G 2 , respectively and Hi 2 (x) (= H 2 x(xy) is a scalar field belonging 
to the covariant representation of G*i and G 2 . We do not call H 12 the Higgs boson field because its vacuum 
expectation value is irrelevant to our formulation. In addition, A\{x) = A^(x)dx tl , A 2 (x) = A 2 {x)dx^ 
and xi an d X2 are one-form base on the discrete space Z 2 which satisfy the following algebraic rules. 

dx^ A dx v = —dx v A dx^, dx^ A \k = ~Xk A dx^, Xk A xi = ~Xl A Xk, (2.2) 

with k, I = 1,2. We abbreviate the argument x in the field hereafter except for the case necessary to 
write. Let us first address the gauge transformation of A with the gauge function 

9=( 9 t i), (2-3) 
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where g± S G\ and g 2 £ G 2 . It is expressed as 

A* = g- x dg + g- x Ag, (2.4) 



where the operator d — d^dx^ is the exterior derivative on the space Mjy. Equation (2.3) brings the 
gauge transformations of gauge and scalar fields. 

A i = 9i 1 d9i + 9^ 1 A i gi, 

Hf 2 - g^H 12 g 2 . (2.5) 
The generalized field strength T is defined as usual and expressed as 

T = dA + A A A, (2.6) 

which is written in components as 

T (F\ + H 12 H 21 X2 A xi T>H 12 X2 \ (9 7] 

\ VH 21 xx F 2 + H 21 Hx 2X x/\X2j ' [ 1 

where Fx and F 2 are the field strength of gauge fields Ax and A 2 , respectively and VHx 2 and VH 2 x are 
the covariant derivatives of the scalar field. Equations of those quantities are written as 

Fi = dAi + Ai A Ai , 

T>Hx2 = dH 12 + AxH 12 - H 12 A 2 , 

VH 21 = dH 21 + A 2 H 21 - H 21 Ax. (2.8) 



According to Eq.(2.4), we can easily find the generalized field strength transformed covariantly under the 
gauge transformation; 

F> = g- x Tg, (2.9) 

which is written in components as 

I ? '/, ; / •,'/,. VH a 12 =g^VHx 2 g 2 , VH 9 21 = g 2 1 VH 2 xgx- (2.10) 



The generalized field strength defined in Eq.(2.6) satisfies the Bianchi Identity 

VT = dT + AT - FA = Q, (2.11) 

which is easily proved by use of the algebraic rule in the differential geometry and very important 
frequently used hereafter. It should be noted that the Bianchi Identity in Eq.( 2.1C ) does not yield any 
restriction between gauge field Ai and scalar field H\ 2 . 



3 Generalized C hern- Simons form 

In order to introduce the generalized Chern-Simons form, we use the Cartan's homotopy formula 

P(A, T) = {kd + dk)P(A, T), (3.1) 
where P(A, T) is an arbitrary function of A and T. The operator k is defined through the equation 

kP(A,T) = [ dtk t P(At,T t ), (3.2) 
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where At = tA and T = tdA + t 2 A A A. The operator fc t in Eq.( |3.2D is an anti-differential operator and 
is defined as 

ktAt = 0, k t T t = tA, (3.3) 

through which the identity 



^- = k t d + dk t 
at 



(3.4) 



follows. Equation (3A) justifies the Cartan's homotopy formula together with Eq.^ 

It is easily see that the quantity TrT n is invariant under the gauge transformation and satisfies the 
equation 

cfTr T n = Tr (dT n + AT n - T n A) = 0, (3.5) 



which is proved from the Bianchi Identity Eq. fl2.1l| ). Putting P(A,T) = Tv T n+1 in Eq.(|3j|), we find 
the transgression formula || 

TvF l+1 =duj 2n+1 (A,T), (3.6) 
where u>2 n +i{A, T) is the generalized Chern-Simons form and written as 



U2n+i{A,T) = fcTrjF 



n+l 



(n + 1) / dtAF?. 



(3.7) 



Paying attention on Tt = tT + (t 2 — t)A 2 , we obtain, after calculations of integral over t for n = 1 and 
n = 2, 



.cMA.T) = Tv ( AT- ^A 3 



,:-,<A. T) = TV j AT 2 - \A 3 T+ ^4 5 



(3.8) 
(3.9) 



Equations ( p.q ) and ( |3.9| ) have the same forms as the ordinary Chern-Simons forms for n — 2 and n = 3, 
respectively but it should be noted that the generalized gauge field A and field strength T are expressed 
in matrix forms and contain the scalar field as in Eqs.(2.1) and (2.7). 

Let us investigate in more detail the generalized Chern-Simons form W2n+i for n = 1 and n = 2. 
Inserting A and T in Eqs.(2.1) and (2.7) into Eq.(3.8), we find 



where 



(3.10) 



Tr AiFi 



-A, 



Tr (VH 12 ■ H 21 - H 12 ■ VH 21 ) 



(3.11) 



to\(i = 1,2) is the Chern-Simons form for the ordinary gauge field. uj' 3 is the new type Chern-Simons 
form containing the scalar field H\ 2 . The transgression formula for this Chern-Simons form u' 3 is written 

as 

du' 3 = 2Tr (FiHi 2 H 2 i - H 12 F 2 H 21 - VH 12 ■ VH 21 ) . (3.12) 



When A 2 = 0, Eq.(|3.12|) leads to 

d Tr (T>H U ■ H 21 - H 12 ■ VH 21 ) = 2Tr {F X H 12 B 21 - VH 12 ■ VH 21 ) . 



(3.13) 



where T>H\ 2 = dH\ 2 + A\H\ 2 and VH 2 \ = dH 2 \ — H 2 \A\. In this case, H\ 2 belongs to the fundamental 



representation of the group G\. Inserting A and T in Eqs.(2.1) and (G/71) into Eq.(p.9[), we find 



u 5 =uI + o4+UbX3 A xi, (3-14) 



where 



^5 = Tr UxF? - Ij^Fi + 
J h = 3Tr (FjIWia • H 21 ) ~ 3Tr (F 2 £>ff 21 • H 12 ) 

~d Tr {FxH^Hn) + Tr (F 2 H 21 H 12 ) - Tr {A x H X2 A 2 U 2l ) 

~d r Tv{A l {VH l2 ■ H 21 - H 12 ■ VH 21 )} + X -d Tr {A 2 (VH 21 ■ H 12 - H 21 • Pff 12 )}.(3.15) 

to\[i = 1,2) is the Chern-Simons form for the ordinary gauge field. lo' 5 is the new type Chern-Simons 
form containing the scalar field Fl\ 2 . The transgression formula for this Chern-Simons form uj' 5 is written 
as 

du/ B = 3Tr (F 2 H 12 H 21 - F X VH X2 ■ VH 21 ) - 3Tr (F^H 21 H 12 - F 2 VH 21 ■ VH 12 ) . (3.16) 

We can find from this equation much more compact equation that 

dTiF 1 VH 12 ■ H 21 = Tr (F 2 H 12 H 21 - F X H 12 F 2 H 21 - F X VH 12 ■ VH 21 ) , (3.17) 

and the same equation replacing 1 by 2 and 2 by 1 also follows. When A 2 = 0, Eq.( |3.16|) leads to 

dTr {F X VH 12 -H 21 )= Tr (F?H 12 H 2 i - F X VH 12 ■ VH 21 ) . (3.18) 

These transgression formulas are easily justified by the direct calculations according to algebraic rules in 
the differential geometry. 

4 Generalized descent equation 

In order to introduce the generalized descent equation Q, we incorporate the ghost field [jl5| in the 
generalized gauge field A. 



where C\(x,&) and C 2 (x,9) are ghost fields belonging to the adjoint representation of the groups G\ 

and G2, respectively and is an argument of Grassmann number in ghost space. Ci(x, = 1,2) is 
anti-Hermitian. The generalized field strength for A c is given as 

T c = dA c + A c A A c , (4.2) 

where 

d = d + dg, d = d tl dx lll dg — dgd9, 

dxp Add = -d6 A dx^, Xi ^ dd = —dO A Xi> 

dOAd6^ 0, d$ = 0. (4.3) 

Therefore, it is easy to see t hat the exterior derivative d satisfies the nilpotency d 2 = 0. According to 
the nilpotency of d and Eq.(4.3) , the Bianchi Identity for T c 



dT c + [A C ,T C ] = (4.4) 
follows. By applying the horizontarity condition Jf3] to T° , 

F C {x,6)\ e = Q = F (x) (4-5) 



we find the BRST transformations for fields involved. 

6 e Ai = dC, + Aid - Q A, = Vd, 
SeHi2 = H 12 C 2 — CiH 12 , 

SeQ = -Cl (4.6) 

where the operator 8 stands for the BRST transformation. 

According to the nilpotency of d and the Bianchi Identity for T c in Eq.(4.4), we obtain the trans- 
gression formula for A c and T c same as in Eq.(|3.6|). 

TvT cn+1 =du 2n+l {A C ^ c ) 1 (4.7) 



If we consider the horizontarity condition p7|in Eq.( fh5| ), the equation 

duj 2n+1 {A c = diu 2n+1 (A,T) (4.8) 



follows. Here, 



u 2n+1 {A c ,T c ) = (n + 1) \ dtA c T cn tl 

Jo 



(4.9) 



where 

Jf = tdA c + t 2 A c AA C . (4.10) 
By use of Eq.(4.1), we expand u> 2n +i(A c , T c ) in power of the ghost field C as 



C0 2n+1 (A C , F C ) = < + l + "I* + "ln-1 + ■■■+ < + \ (4-11) 

where the superscript of uj in the right hand side stands for the power of the ghost field C an d th e 
subscript stands for the degree of the form dx^. Here, tu 2n+1 is the Chern-Simons form. From Eq.( |4.8D , 
we find the generalized descent equation 

d e^2n+i +duj\ n = 0, 
d e uj\ n + dul n _ x = 0, 

d 9 Wa n - 1 + d<4,-3 = 0. (4-12) 

d 9 ul n + dul n+1 = 0, 
d e cu 2 Q n+1 =0. 

w 2n is a solution of the Wess-Zumino consistency condition H 

A = J fl, d e n = dB, (4.13) 
where A is anomaly term, Q is a 4-form with ghost number 1 and B is a 3-form. uj\ n is written as 

<4„ = n(n + 1) I dt(l - t)STr(Cd(^"" 1 )), (4.14) 
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where STr stands for the symmetrized trace. We obtain for n = 1, 2, 3 
uj\ = Ti(CdA), 
u\ =Tr \cd ^AdA+^A 3 

u\ = Tr jcd (^AdA-dA+^AdA-A 2 + ^A 3 dA-A 2 + ^A 5 ^ , (4.15) 

where the notation of the wedge product is abbreviated. It should be noted that these equations are same 



in form as in the ordinary case without the scalar field. However, the gauge field A written in Eq.(2.1) 



includes the scalar field -Hi2- We extract the term containing the scalar field from Eq.(4.15). oj 2 does not 
include the scalar field. 

b>l' = TrCid ^-H 12 dH 21 + \{AlH 12 H 21 - H 12 A 2 H 21 + H^H^A^ 

-Tr C 2 d ^-H 21 dH 12 + ^(A 2 H 21 H 12 -H 21 A 1 H 12 +H 21 H 12 A 2 )Y (4.16) 
uj\ has the complicated terms containing the scalar field and thus, we write it in the case of A 2 = C 2 = 0. 
col' = Trdd ^-A 1 dH 12 -dH 2 i- H 12 -dH 21 dA 1 

+ J (AtdAi ■ H 12 H 21 + A x dH X2 ■ HiiAx + H 12 dH 21 Aj) 
+~ {A X H 12 H 21 dAi + H 12 ■ H 21 A X dA x - A\H 12 dH 21 ) 



+ ^(A\H l2 H 21 +A\H l2 H 21 A l +H l2 H 21 Al+A 1 H X2 H 2X Al)^. (4.17) 

5 Concluding remarks 

From the standpoint of NCG that the Higgs field is a kind of gauge field on the discrete space, we 
incorporated the scalar field H\ 2 into the generalized gauge field so as to generalize the Chern-Simons 
form and descent equations. We obtained the generalized Chern-Simons form and its transgression 
formula which include the scalar field _ffi2 , for example, as in Eqs.(p^|) and (|T6|). The more compact 



tran sgres sion formula follows in Eq.( 3.17 ). We also introduced the generalized descent equations in 



Eq.( 4.13 ). The physical implications of these formulas will be explored in future work. 
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